Aggregation kinetics are often described by the population balance (or Smoluchowski coagulation) equation. The population balance equation is a mean-field equation for an aggregation process. An upper critical dimension d, calculated for a given aggregation frequency has been used by other investigators to characterize the validity of this mean-field equation. It is shown that the upper critical dimension is also related to the singularity of the self-similar spectrum. This paper demonstrates that the usefulness of the upper critical dimension for determining the validity of the population balance equation is lost when the aggregation frequency is unknown. The validity of the equation can be inferred from the similarity or scaling distribution and the evolution of the average particle size in such cases. PACS number(s): 05.40. +j
I. INTRODUCTION
The kinetics of aggregation are described by an infinite hierarchy of product-density equations [1 -4] . The where n(v, t) is the number density of clusters of mass rn at time t normalized so that vn(v, t)dv = 1.
K'(v, v', ... ) n(v, t)n(v', t)dv'
where K'(x, y, ... ) = K(x, y) n2 (x, y, t)/n(x, t) n(y, t) . If K' = K, we have n2(v, v', t) = n(v, t)n(v', t), (2) which is the mean-field or superposition closure hypothesis [4] . The first-order product density equation with the first-order closure hypothesis is referred to as the population balance equation (PBE) function K' represent potential dependence of this effective agglomeration frequency on other particles in the distribution or on the state of the population. This dependence manifests itself as dependence on time.
Basically the above closure approximation is tantamount to neglecting any correlations in the pair density n2(v, v', t) which may arise either due to slowness of spatial mixing resulting in segregational or correlation effects [5, 6) or due to the smallness of particle populations [7, 8] .
In this paper we investigate the statistical foundation of the population balance equation (or Smoluchowski coagulation equation) and address the issue of an upper critical dimension for an aggregation process raised by Kang and Redner [5] . A fundamental understanding of the basis of the population balance equation is essential to assess the conditions under which the first-order closure hypothesis is valid. The motivation for investigating the validity of the closure hypothesis of course lies in testing the ability of the resulting population balance equation to predict experimental observations. In this paper, the validity of the idea of an upper critical dimension for agglomerating systems is investigated. ent problems with this approach is that it assumes that the agglomeration frequency remains the same for different Euclidean dimensions as the dimension in which the agglomeration is occurring changes. This is a highly suspect assumption, and in fact for the only agglomeration mechanism in which the dimensional dependence is known, the assumption is not valid. This approach also assumes that in the face of possible particle interdependence (as the closure hypothesis is violated) a timeindependent agglomeration frequency can be determined that represents the agglomeration process for fixed Euclidean dimension.
The second approach, which is the one which we pursue, may be called the self-consistent mean-field approach. It assumes that agglomeration processes lead to the development of self-similar size distributions independent of the validity of the closure assumption. Effective agglomeration frequencies can be determined via our inverse problem [ll -13] approach that describe the evolution of the transient size distribution. This extracted agglomeration frequency is tested for implicit dependence on time. If significant time dependence is found then the closure hypothesis is not valid. The basis of this approach is the observed self-similar size distribution and not an a priori assumed agglomeration frequency. The consequences for the validity of the closure hypothesis are examined further in this paper.
The third possible approach is what we will call the empirical approach. This approach consists of empirically observing the rate of agglomeration between particle pairs and determining their rates of agglomeration. This approach has the same drawbacks as the direct observation approach mentioned previously. The agglomeration frequency in this approach will be explicity dependent on time in general.
III. CLOSURE HYPOTHESIS VALIDITY
In this section, the self-consistent mean-field approach is used to determine the validity of the first-order closure hypothesis. The approach is to assume that an agglomerating system evolves to a self-similar size distribution.
The evolution of the average particle size can be written as [12, 13] 
II. CLASSIFICATION OF PROBLEM
Investigations into the validity of the closure hypothesis can be classified into three basic approaches. The first approach is that used by Kang and Redner [5] and also by van Dongen [10] . We shall refer to this as the where iv"& is the probability that within the next observation interval a particle of mass k will move from cell A to cell r. Pz is now determined, Pz (m, t) = ) iv""),(EygE""' -l)mA, "P(m, t). (9) (mA, ) = ) mi, pP(m, t). m, -b, , ) ). (11) The first term on the right-hand side of Eq. (1l ) corCombination of Eqs. (9), (7), and (4) give the evolution in tiine of P(m, t) for an agglomerating system. Although this master equation is a single closed equation for the evolution of an agglomerating system, its solution is diKcult. The general approach to the solution of a master equation is to solve for various moments of the probability distribution.
We demonstrate the equivalence of the above master equation approach and the product-density framework for the evolution of agglomerating systems. By so doing, the basic assumptions that are present in the productdensity approach become clear and also the assumptions necessary for the application of the first-order closure hypothesis are revealed.
The product-density approach is equivalent to writing moment-evolution equations from the probability distribution given by the master equation. As (m, ) and (rn~) increase the expected number of pairs (m, (rn~-6,~) ) approaches (m, )(m~). Our approach assumes that similarity is observed; similarity imposes a constraint on the evolution of the size distribution such that the number of particles of one size relative to the entire population of particles must stay fixed in order for similarity to be maintained, then (rn, ) n(i) = const.
(m, ) n(j) (15) for the evolution of (rnA, . ) Also notice that the evolution of (m~) does not depend on the details of the motion between cells. This efI'ect is a consequence of averaging over all the cells. Let n(k) be the concentration of particles of mass k; n(k) = (mi, )/v and nq(i, j) = (m, (m~-b,~) )/v .
Notice that K,~= K~. v. In this way, K~i s converted from a conditional probability based upon the cell volume to a conditional probability on a unit volume (which is the agglomeration frequency). Equation (11) (16) where where Mp is the total number density Mp = P& n(k).
The second term on the right-hand side can be identified as the reciprocal mean first passage time (w ) [14] y (20) is large initially then the expected number of particles in a cell will be large and the first-order closure hypothesis is valid. If, however, the ratio of diffusion to agglomeration D/(b) is initially small, then the first-order closure hypothesis is not useful initially or at any later time.
The observations of Sampson [9] can be explained with respect to the 
VI. SUMMARY AND CONCLUSIONS
The cell representation of an agglomerating population gives rise to a master equation for the probability that the system is in state m at time t, P(m, t) This. equation cannot in general be solved. Equations for the evolution of the various moments of the probability density can be written from the master equation. This series of equations is identical to the product-density hierarchy. The product-density hierarchy is an infinite set of equations for the moments of the probability density and is unclosed since the solution of the lower-order product-density equations require the solution of the higher-order equations. In order to solve this set of equations a closure hypothesis must be made. The first-order closure hypothesis replaces this infinite set of equations with a single equation. This single equation is commonly called the population balance equation.
In this paper, we have addressed the assumptions of the population balance equation for an aggregating system. We also developed criteria for the applicability of the first-order closure hypothesis.
Our criteria assumed that the agglomerating population evolved to a self-similar size distribution.
Our approach, which we call the self-consistent mean-field approach, is contrasted with mean-field approach of van 
